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In a preceding Letter (Opt. Lett. 32, 554 (2007)) we have proposed complex continuous wavelet 
transforms (CCWTs) and found Laguerre-Gaussian mother wavelets family. In this work we present 
the inversion formula and Parsval theorem for CCWT by virtue of the entangled state representa- 
tion, which makes the CCWT theory complete. A new orthogonal property of mother wavelet in 
parameter space is revealed. 
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I. INTRODUCTION 

Wavelet transforms (WTs) are very useful in signal 
analysis and detection [l], 0, Q since it can overcome the 
shortcomings of nonlocality behavior of classical Fourier 
analysis and thus enriches the theory of Fourier optics [J] . 
The continuous WT of a signal function / (x) € 1? (R) 
by a mother wavelet (x) (restricted by the admissibility 
condition /_ ( x ) dx — 0) is defined by 

WW (M, b) = J°° f (x) 0* (^^j dx, (1) 

where \i (> 0) is a scaling parameter and s (s R) is a 
translation parameter. The inversion of (TTJ) is 

i r>dv r w . . fx- s \ d s 

f W = 77- / — / WV (//, s) — , 

G$ Jo M J-oo V M / V/ 1 

where = f °° dp < 00 and (p) is the Fourier 

transform of (x) , for proving (J2]) we have employed the 
Dirac's representation theory [5[, which has the merit of 
rigour and simplicity. 

In Ref.@, Q, Fan and Lu have linked the one- 
dimensional (ID) WT with the unitary transform 
(squeezing and dispacement) in quantum mechanics, i.e., 
expressing the WT as a matrix element of the single- 
mode squeezing-displacing operator between the mother 
wavelet state vector (0| and the state vector to be trans- 
formed, such that the admissibility condition for mother 
wavelets is examined in the context of quantum mechan- 
ics, in so doing a family of the Hermite-Gaussian mother 
waveletes are found. Further, by introducing the bipar- 
tite entangled state representation \rj) [8| 

\V) = exp (-- M 2 + V a\ - V *4 + ala£) |00) , (3) 

Fan and Lu then proposed the continuous complex 
wavelet transforms (CCWT) for g (77) = (77 1 g) , 

W+g (/x, K) = jJ^ L g (V) 0* (^) , (4) 



where k 6 C. Correspondingly, the admissibility condi- 
tion for mother wavelets, J ^"4> (77) = 0, is examined 
in the entangled state representations and a family of 
new mother wavelets (named the Laguerre-Gaussian 
wavelets) are found to match the CCWT [9(, i.e., the 
qualified mother wavelets ip (77) satisfying the admissibil- 
ity condition can be expressed as the function of |?7| , 
00 

7/H77) = e -i''i 2 / 2 ^i,„,„(-i)"i?;„(77,77*) 

00 

= e-M 2 / 2 J2^Kn, n L n (\ V \ 2 ), (5) 

71=0 

where L n (x) is the Laguerre function and H m ^ n (x,y) is 
the two- variable Hermite polynomial [10], whose gener- 
ating function is 

H m , n (x, y) = dt , ndtm exp [-W + tx + t'y] t=t , =0 . (6) 

We emphasize that the CCWT differs from the direct 
product of two ID WTs since the squeezing transform 
involved in ^ is in two-mode 

V = - (0 = (01 S 2 I77 - n) , (7) 

where Si is the two-mode squeezing operator S2 = 
exp[(aja| — a\a2)\wpi\ (TH which is in sharp con- 
trast to the direct-product of two single-mode squeezing 
(dilation) operators, and the two-mode squeezed state is 
simultaneously an entangled state. 

In order to complete the CCWT theory, we must ask 
if the corresponding Parseval theorem exists. This is im- 
portant since the inversion formula of CCWT may appear 
as a lemma of this theorem. We shall solve this issue by 
virtue of the merits of entangled state in quantum me- 
chanics, to be more specific, we shall use the property 
that the two-mode squeezing operator has its natural rep- 
resentation in the entangled state basis (see (fTUf below). 
Noting that CCWT involves two-mode squeezing trans- 
form, so the corresponding Parseval theorem differs from 
that of the direct-product of two ID wavelet transforms, 
too. 
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II. THE QUANTUM MECHANICAL VERSION 
OF CCWT 



which is the common eigenstate of center-of-mass coor- 
dinate and the relative momentum operators, i.e., 



Let us begin with putting the CCWT into the context 
of quantum mechanics. Based on the idea of quantum en- 
tanglement initiated by Einstein-Podolsky-Rosen (EPR) 
[lH, Fan and Klauder constructed the entangled state 
representation in two- mode Fock space @, \rf) in is 
the common eigenvector of two particles' relative position 
X\ — X2 and their momentum P± + P 2 , 



W^g (/x, k) = U 2 0, k) \g) 



(9) 



and U2 (/-t, k) is a two-mode squeezing-translating opera- 
tor, which has its natural expression in EPR entangled 
state representation, 



U 2 (m, k) 



d 2 r\ 

7T 



Tj — K 



(v\, 



(10) 



when k = 0, U 2 (jx, 0) = S 2 . 



III. PARSEVAL THEOREM IN THE CCWT 



Now let us prove the Parseval theorem for CCWT, 



djjL f d 2 K 



where k = n\ + iK 2 , 



W,pgi (ji, k) W^g 2 (ji, k) = 



{X! + x 2 ) 10 = yfiti 10 , (Pi - Pi) 10 = V26 10 



(X 1 - X 2 ) \rf) = V2 Vl \rj) , (Pi + P 2 ) \rj) = V2 m \v) , 

where Xj = (aj + a])/y/2, P = (aj - a\)/{y/2i), 

(3 = 1,2). \rj) is complete / ^ \r)) <r?| = 1 {d 2 V = 
dr}idr)2, rj = rji + W72), and orthonormal (rj\ 77') = 
tt5 (77 - 77') 5 (77* - 77'*) = ttS^ (77 - 77'). 

Using (77I and 7/; (77) = (r}\ ip) we can recast the CCWT so 
in |@J as 



and is complete 

The overlap between (£| and I77) is [l4 



(15) 



(16) 



(c 1??) = 2 ex p[^ - £»?*)] = ^ ex p [* (0^2 - 6»7i) 



(17) 



= / ^exp -fr*)/2]V>fo). (18) 



Eq. (fTT|) indicates that once the state vector corre- 
sponding to mother wavelet is known, for any two states 
\gi) and \g 2 ), their overlap up to the factor CL, (de- 
termined by (|12p ) is just their corresponding overlap of 
CCWTs in the (/i, k) parametric space. 

Proof of Eq.flTT]) or ([L3]) 

We start with calculating \j\ (/i, k) |0 • Using (fTU)) and 
(fT7|) . we have 



c^f f „( £ ,r 



— (»7) 9i 07L+ , .... 

7T ti 2 T (fx, K ) 

(11) 



(12) 



J IT \ /J, 







I / ^ If,) gtfe')l-?l'72+?lK2-?2Kl) 

M 7 2^ 1 " 



e ^(ClK2-?2Kl) 



(19) 



t/> (0 is the Fourier transform of ip (77), a mother wavelet. 
According to (fT7j|) and ([H]) the quantum mechanical ver- 
sion of Parseval theorem should be 



it follows 



% f — M ^ (m, «) l3i> (.92 1 t4 (m, «) |^) = c; ( 52 , 

M J 7T 

(13) 

where ?/> (77) = (77] so 1^ (0 = (£| 1^) , |0 is the conju- 
gate state to 1 77) , 



d 2 K 



Ul{li,n)\0 {Z\V 2 <ji,K) 



10 = exp|-i|ei 2 +M+r4-oI4h °) 



4tt 



7T 



(20) 



(14) Using (HI]) and (HOI) the left-hand side (LHS) of (JTSJ) can 



3 



be reformed as 

LHS of Eq.lp]) 

d/i fd 2 Kd 2 £d 2 £' 
o M 3 



x(e|f/ 2 (/i,«)|ffi)(5 2 |f/ 2 t (/i,K)IO (01 V>) 



o M J 



d/x [ d 2 £d 2 £ 



(92 



1.91 



x^* (0^(0 



d/j [ d 2 £ 



M 

7T 



151) 



l^(K)| 2 M.92 10 (£ l.9i>,(21) 



A* 



where the integration value in {..} is actally 
£— independent. Noting that the mother wavelet 
tp fa) in Eq.© is just the function of | ^7 1 , so tp (f) is also 
the function of |£| . In fact, using Eqs.©,© and (HHJ), 
we have 

oc 

i, (£) = e- 1 ' 2 ^ 2 £ K n , n H n , n (|£| , , (22) 

where we have used the integral formula 

-;2 



''^eCkl'+f*^ = _L-¥,Re(C) < 0. (23) 



So we can rewrite (|2"TT) as 
/" d 2 £ 

lhs of (USD = c; ' 

where 



(52 10 (€ Isi 



(52 Iffi) . 
(24) 



* Jo C Vo 10 



(25) 



Then we have completed the proof of the Parseval theo- 
rem for CCWT in (TIB"]) . Here, we should emphasize that 
(fl"3)) is not only different from the product of two ID 
WTs, but also different from the usual wavelet transform 
in 2D. 

When \g 2 ) = 1 77) , by using (JTUJ) we see 



(r}\ut(n,K)m = ~i> 
A* 

then substituting it into (fl3|) yields 



(26) 



5i fa) 



1 



d/j, f d 2 K 



M 



TV 1 1 



W^gx fa, k) ip 



1] — K 

A* 



which is just the inverse transform of the CCWT. 
Especially, when \gi) = \g 2 ) , (fTB")) reduces to 



(27) 



IV. NEW ORTHOGONAL PROPERTY OF 
MOTHER WAVELET IN PARAMETER SPACE 



On the other hand, when \gi) 
becomes 



\v), 1.92) = w), (Ltsd 



1 



C' 



dii 



7^r — i> 



\j> Jo A* 



Tj — K 

A* 



= tt5 (2) (77 - 77') . 
(29) 



which is a new orthogonal property of mother wavelet 
in parameter space spanned by fa, k). In a similar way, 
we take \gi) = \g 2 ) = \m,n) , a two-mode number state, 
since (m,n \m,n) = 1, then we have 



Jo A* J n 



)\ 2 = c,, 



(30) 



or take 
exp 



9i) 



I52) = \zi,z 2 ), \z) = 
^— |z| 2 /2 + za'j |0) is the coherent state, then 



A*° 



~T / — fa, «) 22) 



(31) 



This indicates that Ci is |<7i)-independent, which coin- 
cides with the expression in (p~2|) . 

Next we examine a special example. When the mother 
wavelet ip (77) is taken as the following form 

^Mfa) = fa|^)= e - 1/2| " |2 (l-iH 2 ), (32) 

which is different from e~^ x2+y '^ 2 (l — x 2 ) (l — y 2 ) , the 
direct-product of two ID Mexican hat wavelets (we name 
entangled mexican hat wavelets (EMHWs)), using (fTg|) 
we have 



^(0 = ~IOV 



2 Is I 



which leads to 



(33) 



(34) 



Thus for the EMHWs (El, we see 



djjL f d 2 K 



M° 



A* 



M 



TJ — K 

A* 



ttS (2) fa - 77') . 
(35) 



Eq. ([35]) can be checked as follows. Using (f32|) and the 
integral formula 



d/j, 
A 1 



^ 2 fa,«)|5i)| 2 = C;<ffx Isi), (28) 



li 1 



which is named isometry of energy. 



ux 

~Y 

4(x 4 - Ax 2 y 2 - 
{x 2 + y 2 ) 4 



uy 
2 



' du 



Re (x 2 + y 2 ) > 0, (36) 
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we can put the left-hand side (LHS) of (|35f into 



37l) reduces to 



LHS of JM 



°°djs r d 2 K 



x 2 \ ( y 2 



o f 1 J k 

'' d 2 K l . a. r~ \ i uy 



2/j 2 ) \ 2fi 

lulu, I — [ 1 - (l 



2 



d 2 nA{x 4 -Ax 2 y 2 + y A ) 



7T (a; 2 + ? / 2 ) 4 

|2 2 

When rj' = rj, x 2 — y 2 , 



(37) 



where x 2 = \rf — k\ 2 , y 2 = \r] — k| 2 . 



LHS of (EI 



d 2 K 



2?r 1« — 77j 4 Jo Jo 27rr 3 



oo /*27r 



oo. 



On the other hand, when 77 ^ rj' and noticing that 
x 2 = (771 - ki) 2 + (?7 2 - k 2 ) , 



(?7l - Kl) + (772 - K2) , 



which leads to 



where J (x, y) 



dx 2 dy 2 = 4 I J I d/CidK 2 , 



(38) 



(39) 



(40) 



«1 - % «2 - % 
«1 - »7X «2 - ??2 



. As a result of (|39l. 



LHS of ,:!.-,)= 4 / ^ ^ -4*V + y 4 ) = Q 



7T |J| (x 2 +y 2 ) 4 

... (41) 

where we have noticed that J (x, y) is the funtion of 
(x 2 ,y 2 ) . Thus we have 



LHS of Pjl = I ™' V ^ ^' = RHS of J35]). (42) 



In sum, we have proposed the Parseval theorem corre- 
sponding to the CCWT in the context of quantum me- 
chanics. Our calculations are simplified greatly by using 
the quantum state representations of two-mode squeez- 
ing operators. Finally, we should emphasize that since 
the CCWT corresponds to two-mode squeezing trans- 
form which differs from two single-mode squeezing op- 
erators' direct product, the Parseval theorem of CCWT 
defined in this paper differs from that of the direct prod- 
uct of two 1-dimensional wavelet transforms. 
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